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Theoretical part of REFRAN-CV
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• The estimation of extreme climate events (precipitation/temperature) can 
be approached with the regional frequency analysis [Hosking, 1990]. 

• Regional frequency analysis includes information from nearly stations 
exhibiting similar statistical behavior as at the site under consideration 
in order to obtain more reliable estimates.

Introduction



Introduction
• Regional frequency analysis is applied when no local data are available at a 

site of interest or the data are insufficient for a reliable estimation of the 
required return period. 

Regional Frequency Analysis

Delineation of homogeneous groups and
testing for homogeneity within each group

Estimation of the regional frequency
distribution  and its parameters

Estimation of precipitation quantiles 
corresponding to various return periods



L-moment statistics
Hosking (1990) has defined L-moments to summaries theoretical distribution and observed samples. L-
moments are the pillars of the regional frequency analysis. Let X(i|n) be ith largest obs. in sample of size n.

• L-Moment:

A linear combination of order statistics
• Specifically, for the first 4 L-moments:
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L-moment mean (L-mean):
L-mean = τ1 = λ1

L-moment Coefficient of variation (L-CV):
L-CV = τ2 = λ2/λ1

L-moment coef. of skew (L-Skewness)
L-Skewness = τ3 =  λ3/λ2

L-moment coef. of kurtosis (L-Kurtosis)
L-Kurtosis = τ3 =  λ4/λ2

L-moment statistics

Finally, the L-moment ratios are calculated as:



L-moment statistics

• The L-mean is identical to the 
conventional statistical mean

• The L-cv measures a variable’s 
dispersion, i.e. the expected 
difference between two random 
samples

• The L-skewness quantifies the 
asymmetry of the samples 
distribution

• The L-kurtosis measures whether 
the samples are peaked or flat 
relative to a normal distribution

To wrap up…

Relatore
Note di presentazione
L-moments are statistics used to summarize the shape of a probability distribution. 

L-moments can be used to derive estimates fro the parameteres of probability distributions.



Advantages of L-moment approach

 Less susceptible to the presence of outliers (Because L-
moments avoid squaring and cubing the data)

 Perform better with small sample sizes

L-moment statistics

Relatore
Note di presentazione
L-moments provide many advantages as an example consider a dataset with a few data points and one outlying data value. 
If the ordinary standard deviation of this data set is taken it will be highly influenced by this one point, however, if the L-scale is taken it will be far less sensitive to this data value.



Identification of Homogeneous Regions

• A homogeneous region is considered as an area within which 
rescaled variables in different sites have approximately the same 
probability distributions.

• All sites can be described by one common probability distribution 
after the site data are rescaled by their at-site mean.



• Homogeneous regions (grouping of sites/gages) can be determined 
based on the similarity of the physical and/or meteorological 
characteristics of the sites. This can be done by performing cluster 
analysis.

• Hosking and Wallis (1997) proposed a statistical test for testing the 
heterogeneity of the proposed homogeneous regions. 

• L-moment statistics can then used to estimate the variability and 
skewness of the regional data and to test for heterogeneity as a basis 
for accepting or rejecting the proposed region formulation. 

Identification of Homogeneous Regions



1. Calculate the weighted standard deviation of the at-site sample L-
CVs,

2. Fit a four-parameter kappa distribution to the regional average 
L-moment ratios  
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Identification of Homogeneous Regions
How to do it?



3. Simulate a large number Nsim of realizations of a region with N
sites, each having this kappa distribution as its frequency distribution. 
4. For each simulated region, calculate V. 
5. From the simulations determine mean and standard deviation of 
the Nsim values of V. Call these VV   σµ and

Identification of Homogeneous Regions
How to do it?



H≥2 :  Region is heterogeneous.
1 ≤H<2 : Region is possibly heterogeneous.
H<1: Region is acceptably homogeneous.v

vV
H

σ
µ−

=

H : is the discrepancy between L-Moments of observed samples and L-Moments 
of simulated samples assessed  in a series of Nsim Monte Carlo simulation :

Identification of Homogeneous Regions



L-moment ratio diagrams

• Once homogeneous regions are defined, a single probability 
distribution is applied to all sites within a homogeneous region. Thus, 
it is necessary to choose a best-fit distribution from a set of candidate 
distributions. 

• The goodness-of-fit can be judged by how well the L-skewness and L-
kurtosis of the fitted distribution match the regional average L-
skewness and L-kurtosis of the observed data.



L-moments & Distribution Parameter 
Relations

From “Frequency Analysis of Extreme
Events,” Chapter 8 in Handbook of Hydrology,
By Stedinger, Vogel, and Foufoula-Georgiou,
McGraw-Hill Book Company, New York,
1993

L-moment ratio diagrams



L-moment ratio diagrams



• The GEV distribution fitted by the method of L-moments has L-
skewness equal to the regional average L-skewness. 

L-moment ratio diagrams

• We thus judge the quality of fit 
by the difference between the 
L-kurtosis of the fitted GEV 
distribution and the regional 
average L-kurtosis.



Goodness-of-fit test 
• Given a set of candidate three-parameter distributions (Pearson type 

III, GEV, lognormal, generalized Pareto, etc.). We need to fit each 
distribution to the regional average L-moment ratios   .

444
DIST
4

DIST )/σβ(Z +−= ττ
“Dist” refers to the candidate distribution, 

τ4 DIST is the average L-Kurtosis value computed from simulation     for a fitted 
distribution. 

τ4 is the average L-Kurtosis value computed from the data of a   given region,
β4 is the bias of the regional average sample L-Kurtosis, 
σv is standard deviation.

A given distribution is declared a good fit if |ZDist|≤1.64



Example of the regional frequency
analysis with the NOAA Dataset

1.L-moments calculation at each pixel 

2.Identification parameters of the precipitation probability
distribution function (Annual precipitation)

3.Evaluation of the most suitable distribution function for each pixel 
(Annual precipitation)

4.Identification of best distribution: L-skewness and L-kurtosis were
used to perform a goodness-of-fit assessment

5.Generation of precipitation maps associated with different return
periods

Relatore
Note di presentazione
NOAA - National Oceanic and Atmospheric Administration

L-moments calculation at each pixel (independently for each month)
L-moments ratio (L-kurtosis versus L-skewness)
In step 3: Five probability distribution functions were evaluated
The Parameters for each function were estimated based on the L-moments ratio




Data coverage
• NOAA’s Precipitation over land:

• Monthly records from 1951-1991 
(Gauge stations with 10-yr-or-
longer recording periods)

• Spatial resolution: 0.5 degrees

• Reconstruction obtained using 
thousands stations from the Global 
Historical Climatology Network 
(GHCN) and the Climate Anomaly 
Monitoring System (CAMS)

NOAA's PREC/L

(Adapted from Chen et al., 2002)

Relatore
Note di presentazione
Available also at 2.5 and 1.0

NOAA data portal http://gis.ncdc.noaa.gov/map/viewer/#app=clim&cfg=cdo&theme=monthly&layers=1&node=gis



NOAA Climate Data Portal

https://gis.ncdc.noaa.gov/maps/ncei/summaries/monthly

Here it is possible to download 
precipitation records



NOAA Climate Data Portal



WorldClim portal

Here it is possible to download the 
Mean Annual Precipitation (MAP) 
map required by REFRAN-CV



1st L-Mean

The mean total annual 
precipitation distribution of 
the first L-moment follows 
the well-known distribution 
of global total annual 
precipitation.

Relatore
Note di presentazione
The mean total annual precipitation distribution of the first L-moment follows the well-known distribution of global total annual precipitation.

Spatial Resolution 0.5x0.5



2nd Coefficient 
of L-variation

•The L-moment ratio (L-cv) 
measures a variable’s 
dispersion, i.e. the expected 
difference between two 
random samples.

Relatore
Note di presentazione
The L-cv values are generally higher in arid regions, given that the moment ratio is increased by lower mean total annual precipitation values and the fact that, in dry regions, small dispersions have a greater impact on samples variance.



3rd L-Skewness

•The L-skewness quantifies 
the asymmetry of the 
samples distribution

Relatore
Note di presentazione
The L-skewness values are consistently positive in the Sahara region, which is in agreement with the low total monthly precipitation values year-round within this region. 

Negative skewness (blue color) the tail on the left side of the probability density function is longer than the tail on the right side. The mass of the distribution is concentrated on the right of the figure. It has relatively few low values. 

Positive skewnees (red color) the tail on the right side is longer. It has relatively few high values.



4th L-Kurtosis
•L-kurtosis measures 
whether the samples are 
peaked or flat relative to 
a normal distribution.



Probability distribution 
functions

GLO

GPA

GEV

PE3

Relatore
Note di presentazione
This procedure was achieved by plotting an L-moment ratio diagram (L-kurtosis vs L-skewness) (Hosking 1990), in which the theoretical relationships for the five distribution functions were compared with the distribution of the population in each pixel. The best distribution was considered to be the one with the minimum distance between the fitted L-moments and the sample L-moments. This procedure is commonly applied in hydrology, given that L-moment ratios are less susceptible to bias and provide notably better estimates than ordinary moments, particularly for skewed samples (Vogel et al. 2008). Examples of L-moment ratio diagram use and its advantage in identifying
a suitable probability distribution are described by Vogel and Fennessey (1993). After defining the probability distribution function and its parameters, we provide a global estimate of precipitation associated with different return periods. The latter assessment was only performed at an annual time-scale.
 




Available at 
monthly or annual 

scale

Frequency analysis at annual time-scale

Source:
Maeda, E.E. et al “Characterization of global precipitation frequency through the 
L-moments approach”. AREA- Royal Geographical Society

Results

Relatore
Note di presentazione
Interpretation = 
1. skewness + la courbe va vers la gauche => reduction = en rouge sur les cartes
2.Kurtosis  + la courbe presente in pic => concentration = en rouge sur les cartes
Dans les moyenne annuelles en afique il ya des erreurs parce que la moyenne = 0 donc le calcul ne peux pas se faire.





Frequency analysis at monthly time-scale
Precipitation Temperature

Source:
Maeda, E.E. et al “Characterization of global precipitation frequency through the L-
moments approach”. AREA- Royal Geographical Society 

Results

Relatore
Note di presentazione
In January, the highest values are concentrated in the central-western Sahara region, in countries including Niger, Mali and Mauritania, while in central and southern Africa the L-skewness values oscillate around zero. This pattern is maintained until April, and subsequently high L-skewness values migrate to north-east Africa and towards the Middle-East region between May and September. During this same period a region with high L-skewness values starts to become evident in south-eastern Africa, in the area surrounding Angola, Namibia and Zambia. This pattern reaches its peak in July, when L-skewness starts to increase again in western Sahara and decrease in southeastern
Africa.




Annual precipitation 
return period
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Regional Frequency 
Analysis:
An Approach Based on L-
Moments

•Hosking, J. R. M., and Wallis, J. R. 
(1997). Regional frequency analysis: 
an approach based on L-moments. 
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